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28. Because (2) (2) , , S S ζξξ ζηη χ χ = = 0 from the free electron gas model for Ag, the local field component parallel to the surface cannot induce a non-vanishing (2) z p on the surface. However, a weak local field component perpendicular to the surface is actually present when the S-polarized input impinges on the nanostructure.
Introduction
Metamaterials have recently attracted widespread interest due to their intriguing properties not found in ordinary materials. They are artificial electromagnetic (EM) materials composed of subwavelength local resonant structures of electric and/or magnetic type, and can possess arbitrary values of effective permittivity ε and permeability µ dictated by resonant structures. The linear wave properties of metamaterials have been extensively studied in the past several years, with many exciting new phenomena predicted or demonstrated, such as negative refraction [1, 2] , super lensing [3] , optical magnetism [4] [5] [6] [7] [8] [9] [10] [11] [12] , invisibility cloaking [13, 14] , subwavelength cavities [15] , and so on.
In recent years, there have been a number of reports on studies of nonlinear optical properties of metamaterials. The first attempts were mainly theoretical; experimental works appeared only recently. It was originally suggested by Pendry et al. [16] that enhanced nonlinear optical responses could be observed in metamaterials composed of split ring resonators (SRR) at the magnetic resonances. In a series of recent experiments, significantly enhanced second-harmonic generation (SHG) signals were indeed observed in planar arrays of gold SRRs at their magnetic resonance frequencies [17] [18] [19] , but the SHG signals were obtained at a single frequency. Later, the spectra of SHG around the magnetic resonance for a fishnet metamaterial structure were measured [20] , exhibiting strong enhancement at the resonance. It was suggested in Ref [20] . that unlike in a molecular system, the resonant enhancement came from local-field enhancement due to magnetic resonance at the input frequency. However, detailed theoretical calculation in comparison with experiment has not yet been attempted, and quantitative understanding of the observations is still lacking.
In this paper, we report combined theoretical and experimental efforts to study SHG from a fishnet structure with Ag/SiO 2 /Ag sandwiched layers. We use a theoretical approach that combines finite-difference-time-domain (FDTD) simulation with a field integration technique to calculate the second harmonic (SH) response from the metamaterial. The calculated SHG spectra around the magnetic resonance show quantitative agreement with the experimentally measured spectra of P and S polarization combinations. The maximum resonance enhancement of SHG reaches ~80 times of that from a flat Ag surface for the P-in/P-out polarization combination, suggesting that metamaterials could be potentially useful as nonlinear optical materials in some applications. Furthermore, the theoretical calculations are able to explain many interesting features observed in experiment, and allow design of structure that maximizes SHG.
The paper is organized as follows. In Sec. II, we describe our calculation methodology and compare the calculated results with experiment on the fishnet metamaterial. Several interesting issues in nonlinear optical properties of metamaterials are then discussed in Sec. III. We summarize our results in the concluding section.
Computational methodology and comparisons with experiment
The fishnet structure we studied is sketched in Fig. 1(a) . It consists of a sandwiched structure of Ag/SiO 2 /Ag layers with an array of periodic square holes. The structure was deposited on a silicon substrate. It was designed to have a magnetic resonance around 1.38μm when a normally incident beam was linearly polarized along the thin stripes. The approximate geometric shape and dimensions of the structure are described in Fig. 1(a) . Such a fishnet structure was fabricated using electron lithography and nano-imprint. The overall size of the sample was 500 500 × 2 μm . Details of the fabrication procedure have been described elsewhere [20] . A scanning electron microscopy (SEM) image of the sample is shown in Fig.  1(b) . To understand the nonlinear optical responses of a system, we need to know its linear optical properties first. Therefore, we first discuss comparison of theory with experiment on the linear response of the fishnet sample. We describe here, as a representative case, the response from an input beam with linear polarization along the thin stripes normally impinging on the sample ( || E x   and || H y  , see Fig. 1(a) ). The experiment was carried out with a tunable fiber laser beam focused on the sample. The measured transmission/reflection/absorption spectra are depicted in Fig. 2 by the red open circles, from which a magnetic resonance can be identified at ~1.375μm where the absorbance is maximum. Our theoretical calculation employed the FDTD simulation [21] . In it, the dielectric constants of silicon and silicon dioxide were taken as 3.4777 0.004 i + and 1.65, respectively [22] , and we adopted the Drude model to describe the optical dielectric constant of silver silver films used in experiment, we expect electrons to experience additional scattering due to surface roughness and structural imperfections. Therefore, we set the damping parameter col ω as an adjustable parameter to be determined by comparing with the experimental absorption spectrum. We found that the most appropriate value of col ω was 13 1 9 10 s − × , which is roughly 6.6 times larger than the corresponding bulk value [23] . We note that similar adjustment was adopted in a recent theoretical study [5] . The FDTD calculated spectra with such a choice of col ω are shown in Fig. 2 as blue lines, which are in excellent agreement with the experimental result. FDTD simulations identified the resonance at ~1.375μm to be a fundamental magnetic resonance and that at ~1.02μm a high-order magnetic resonance, since at both wavelengths strongly enhanced magnetic fields are induced inside the sandwich structure while the electric responses in the two Ag layers nearly cancel each other. We could further employ FDTD simulations to calculate the local electric field distribution of the input in the fishnet structure, which was needed to compute the nonlinear responses of the system. As an example, we show in Fig. 3 the distribution of local electric field on the x-z symmetry plane in the structure, computed at the magnetic resonance frequency under a normally incident radiation with || E x   . We find that the local field is strongly enhanced on the inclined planes in regions close to the boundary between the top Ag layer and the middle SiO 2 layer. Having shown that theoretical calculation on the linear response of the fishnet agrees well with experiment, we now turn to the nonlinear response of the system. We first describe our computational methodology. Stern and Rudnick first formulated the theory of SH response from a metal [24] . They treated the metal as a free electron gas and showed that the nonlinear response arises from variations of electron density and field at the surface along the surface normal and can be described by two independent, non-vanishing surface nonlinear susceptibilities (2) 
where the integration is over the entire silver surfaces within a unit cell, ( , ) L r ω   . For a very rough calculation, we can assume that the integration in Eq. (1) is only over the surface areas of a unit cell that are directly exposed to the incoming light [27] .
The reflected SH signal from the fishnet, normalized against a reference, which is the reflected SH signal with P-in/P-out polarizations from a flat Ag surface of the same flat area as the fishnet, has the expression
Here, ' S σ σ denotes the signal generated with the ' σ -in/ σ -out polarization combination, 
where A is the area of the unit cell of the fishnet, and the local-field factor ( , )
L r ω   is simply the transmission Fresnel coefficient for the air/metal interface.
We calculated the linear response (to deduce the local field distribution) and the reflected SHG spectra with various input/output polarization combinations around the magnetic resonance of the fishnet. The incident plane was chosen to coincide with either the y-z or the x-z plane (x and y being along and perpendicular to the thin stripes, respectively), with the input incident on the sample at an angle of 45 α =  . The calculated SHG spectra are compared with the experimentally measured spectra in Fig. 4 . The (SHG) experiment was carried out using tunable picosecond pulses generated from a Nd:YAG laser-pumped optical parametric system. Detailed experimental arrangement was essentially the same as that described in Ref [20] . Both experiments and computations were carried out at 45 degrees incidence since SHG, by symmetry, is not allowed at normal incidence on an ideal fishnet structure. Inset to Fig. 4 shows the measured quadratic dependence of the SHG signal on the pump power, which is a characteristic feature of SHG. The observed SHG spectra of different polarization combinations, normalized against the SH signal of P-in/P-out polarization combination from a flat Ag film, are presented in Fig. 4 . We find reasonable quantitative agreement between calculated and measured spectra. The non-zero SHG signals in SS and PS cases observed experimentally are caused by imperfections of the real sample. Several characteristic features of the SHG spectra from the fishnet are noticed. First, a resonant peak always appears around the magnetic resonance at ~1.375μm as long as the input beam has a magnetic field component along ŷ , although the precise position of the resonance peak shifts slightly in different spectra compared to the normal incidence case (Fig. 2) . Second, both theory and experiment show that the SHG enhancement for the P-in/P-out polarizations at the magnetic resonance is ~80 times in comparison with that on a flat silver surface. This is remarkable considering that the fishnet structure has nearly half of the surface plane empty. Third, the P-polarized SH output is much stronger than the S-polarized one, irrespective of the input polarization. Fourth, both theory and experiment display two resonant peeks in the P-in/P-out spectra; the peak at ~1.22μm was not observed in the normal incidence spectra (Fig. 2) and the S-in/P-out SHG spectrum (Fig. 4(d) ). Finally, the nonresonant SH signal with P-in/P-out polarizations is strong as we would expect, knowing that a strong PP-SHG is also observed on a flat silver film. We shall discuss our understanding of these features in the following section.
Discussions
The resonant enhancement of SHG from the fishnet around the magnetic resonance at ~1.375μm arises from resonant enhancement of the local field. For our fishnet structure, the magnetic resonance can be excited only when the input excitation has a magnetic field component along ŷ , and is observable in SHG with a P-polarized input propagating in the x-z plane or an S-polarized input propagating in the y-z plane. To explicitly illustrate the local field enhancement effect, we depict in Fig. 5(a) and (b) the FDTD-calculated local field (normalized by the incoming field) at the upper Ag/SiO 2 edge on the inclined side plane versus fundamental wavelength λ for S-polarized input in the y-z plane and P-polarized input in the x-z plane, respectively. In both cases, the fundamental resonance at ~1.375μm is obvious. Interestingly, an additional weak resonance at ~1.22μm is found in the P-input case (Fig. 5(b) ), which does not exist in the S-input spectra (Fig. 5(a) ) and the normal-incidence spectrum (Fig. 2(c) ). FDTD simulations identified this resonance as an electric-dipole one with currents flowing on the side walls, and it can only be excited by an input wave with an z E component (e.g., off-normal P-wave input). This resonance is also responsible for the peak at ~1.22μm in the PP-SHG spectra (Fig. 4(a) ), observed both experimentally and numerically. We note that the frequencies of resonances excited by S-and P-polarized inputs are slightly different (Fig. 5) , and similarly for resonances observed in the SHG spectra with S-and P-inputs as shown in Fig. 4(a) and (d) . This is due to different resonance dispersions in the two cases because of different couplings between adjacent magnetic resonators in the fishnet. Both experiment and FDTD simulation revealed that the resonance dispersion of the S-input case is stronger than that of the P-input case, and consequently, at an incident angle 45  , the former has a resonance frequency more red-shifted than the latter. The FDTD simulations have taken such effects into account rigorously. To be sure that the resonant peak at 1.375μm is from the magnetic resonance of the double-layer fishnet, we calculated SHG from a single fishnet layer which cannot support a magnetic resonance. As expected, no such peak can be detected. In principle, the local-field factor ( , ) L r ω   can be derived from the fields as depicted in Fig. 5(a) and (b) , and ( , )
at frequencies around the fundamental resonant frequency r ω . Since The relative strengths of SHG with different polarization combinations can be understood from symmetry argument. We notice that Eq. (1) can be re-written as (2) (2)
where
should reflect the symmetry of the unit cell. If the fishnet structure of Fig. 1 has mirror planes at x = 0 and y = 0, then the nonvanishing elements of
(2) xzx xxz Χ = Χ , and (2) (2) yzy yyz Χ = Χ . None of these elements contributes to SHG with P(-in)S(-out) and SS polarization combinations. Therefore, PS-SHG and SS-SHG are forbidden in such a fishnet structure. The experimentally observed signals shown in Fig. 4 appeared only because our real fishnet structure did not have the perfect mirror symmetry. On the other hand, SP-and PP-SHG are allowed. As mentioned above, the magnetic resonance is expected in SP-SHG with beams in the y-z plane and in PP-SHG with beams in the x-z plane. The corresponding contributing θ θ θ θ
where θ is the inclination angle of the side planes (see Fig. 1 ), and the integration is over the Ag-covered area of the inclined side planes. Figure 6 shows how , To illustrate how the local field on the side wall depends on the inclination angle θ , we studied a series of fishnets with different θ (by varying the width of the top metal stripes and keeping that of the bottom metal stripes fixed). Figure 8 As θ increases, the top silver area shrinks (to zero at ~33 θ  , see Fig. 1(a) ), and accordingly, the strength of the magnetic resonance decreases. On the other hand, the geometric coupling between external radiation and the magnetic resonance increases with θ . Since SHG in a fishnet is mainly governed by the resonantly enhanced local field, we expect a similar dependence of SHG on θ . Figure 8(b) shows how PP-SHG at resonance varies with θ , and indeed its maximum also appears at ~72 θ  . We note here that as seen from Fig. 6 , the localfiled distribution on the fishnet structure is very strong in the region of the sandwiched dielectric medium on the side walls. Therefore, we should expect also a significant enhancement of SHG from the fishnet if the dielectric medium is highly nonlinearly active. We can use a crude approximation to derive a simple equation to describe the SHG spectra. We notice in Figs. 3 and 6 that the local field exhibits "hot-spots" near the upper Ag/ SiO 2 edge on the side walls. Assuming SHG mainly comes from such "hot-spots" in the fishnet, we then expect the SH output, S, to be proportional to , is plotted in Fig. 9 as a black solid line, which appears to be in good agreement with both experiment and FDTD simulation.
